DISTANCE-SQUARED MAPPINGS 
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Abstract. A distance-squared function is one of the most significant func- 
tions in the application of singularity theory to differential geometry. In this 
paper, we define naturally extended mappings of distance-squared functions, 
wherein each component is a distance-squared function. We investigate the 
properties of these mappings from the viewpoint of differential topology. 



1. Introduction 

Let R n be the n-dimensional Euclidean space; thus, a point x € R™ is n-tuple 
x = (xi, . . . , x n ) of real numbers. Let d : R™ x R™ -> R be the n-dimensional 
Euclidean distance, 



d(x,y) = , ^2(xi - yt) 2 , 
\ 1=1 

where x = (xi, . . . , x n ) and y = . . . , y n ). Let p be a given point in K™. Then, 
the mapping d p : R™ — > R is defined by d p (x) = d(p,x), which is called a distance 
function. 

Definition 1.1. Let pi, . . . ,pi (£ > 1) be given points in R". Then, the following 
mapping <i( Pl .... iW ) : R" — > R f is called a distance mapping: 

d( Pl ,..., Pe )(x) = (d(pi,x),...,d(pt,x)). 

A distance mapping is one in which each component is a distance function. 
Let S n be the n-dimcnsional unit sphere in R ra+1 

Proposition 1.1. Let i : S 1 — > i(S ) C R 2 be a homeomorphism. Then, there 
exist two points p\,P2 S i(S ) such that d( PllP2 ) ° i ■ S 1 — > R 2 is homeomorphic to 
the image rf( PliP2 ) o^S* 1 ). 

Proposition 11.11 is proved in Section S) Although Proposition 11.11 is applicable 
even if a mapping i is not differentiable anywhere, it appears difficult to derive 
higher-dimensional extensions of the proposition. 

On the other hand, the differentiable version of higher-dimensional extensions 
can be obtained as follows. All manifolds and mappings in this paper belong to 
class C°° except Proposition ll.il 

Definition 1.2. Let pi, . . . ,pi {I > 1) be given points in R™. Then, the following 
mapping -D( Plj .... P( ,) : R" — > R f is called a distance-squared mapping: 

D (,p u -,Pt)( x ) = ( d2 (Pi> x )> ■ ■ ■ ,d 2 {pn,x)). 
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Figure 1. Figure of Proposition [TTT] 

Note that Pl \ always has a singular point. Nevertheless, Theorems 11.11 

and 11.21 hold as follows. 

Theorem 1.1. Let M be an m- dimensional closed manifold [m > 1), and let 

i : M — > M. (to + 1 < £) be an embedding. Then, there exist p\, .. , ,p m +i G i(M), 
Pm+2, ■ ■ ■ ,Pe G M. e such that -D( Pli ... ;Pf ) o i : M — > M. £ is an embedding. 

For the definition of embedding, see pQ. 

Corollary 1.1. Let M be an to- dimensional closed manifold [m > 1), and let 

i : M — > R m+1 be an embedding. Then, there exist p\, . . . ,p m +i € i(M) such that 
D( Pl: .... Pm+1 ) o i : M — > ]R m+1 is an embedding. 

Let M and N be manifolds. An immersion / : M N (for the definition of 
immersion, see [T]) is said to be with normal crossing at a point y G N if f^ 1 (y) 
is a finite set {x±, xi, • ■ • , x n } and for any subsets {Ai, A2, . . . , X s } C {1, 2, . . . , n} 

(s < n), 

S S 

codim ( P| df xx . (T XXj M)) = codim (df Xx . (T Xx . M)), 
3=1 3=1 
where codim i7 = dimTj,A^ — dim_ff for a linear subspace H C T y N. An immersion 
/ : M — ^ N is said to be wi£/i normal crossing if / is a mapping with normal crossing 
at any point y G N . 

Theorem 1.2. Let M be an m-dimensional closed manifold (m > 1), and let 

i : M — > M. { - (to + 1 < £) be an immersion with normal crossing. Then, there exist 
pi,... ,p m +i G i(M), Pm+2, ■ ■ ■ ,pe G M such that -D( pi _. jPf ) ° i : M — » R £ is an 
immersion with normal crossing. 

Corollary 1.2. Let M be an m-dimensional closed manifold (m > 1), and let i : 

AI — > R m+1 be an immersion with normal crossing. Then, there existpi, . . . ,p m +i G 
i{M) such that -D( Pl! .... Pm+1 )°* ■ M — > R" i+1 is an immersion with normal crossing. 

L-points p\, . . . ,pi G K 71 (l<^<n+l) are said to be in general position if £ = 1 
or pipl, ■ ■ ■ ,Pip\ (2 < t < n + 1) are linearly independent, where pip\ stands for 
{Pji -pn, ■ ■ ■ ,Pjn-pin) {Pi = (Pil, ■ ■ .,Pin),Pj = (pji, ■ ■ ■ ,Pjn) G E"). A mapping 
/ : K™ — > R is said to be A-equivalent to a mapping g : R n — > R £ if there exist 
diffcomorphisms if : R" — > R™ and ^ : M. e — > R such that ip o f o if = g. A 
mapping / : R" — > M. £ (£ < n) is called the normal form of definite fold mappings 
if f(x±, . . . , x n ) = (xi, . . . , X£-i, x\ H — • + The properties of distance-squared 
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mappings are of significance in the proofs of Theorems 11.11 and 11.21 It tnrns out 
that distance-squared mappings are ^-equivalent to the normal form of definite 
fold mappings if ^-points pi, . . . ,pi £ R™ (2 < £ < n) are in general position (see 
Section [2]). 

In Section [3J a fundamental property of distance-squared mappings is shown. 
The proofs of Theorems 11.11 and 11.21 are given in Section [3] Finally, in Section 21 
the proof of Proposition 1 1 . 1 1 is given for the sake of readers' convenience. 



2. Preliminaries 



Proposition 2.1. 

(/) Let £,n be integers such that 2 < i < n, and let pi, . . . ,pi G R™ be in general 
position. Then, D (p ± pt ) ■ R™ — ► R^ *s A-equivalent to the normal form of definite 
fold mappings. 

(II) Let £,n be integers such that 2 < n < £, and let p\, . . . ,p n -\-\ S R" be in 
general position. Then, -Dfe p/ ) : R™ — ^ R f is A-equivalent to the inclusion 
(x\,...,x n ) H- (x 1 ,...,x n ,0,...,0). 

2.1. Proof of (I). Let Hi : M. e — J- R e be the following diffeomorphism. 
H 1 (x 1 ,x 2 , ■ . ■ ,xt) 

^ n ^ n 

- (xi -X 2 + ^(Plj - P2j) 2 ) ,...,~{xi-Xl + Y^(pij - Ptjf) , Xx 



3=1 



3 = 1 



The composition of -D( P i,..., P *) and Hi is as follows. 
(Hi oD( pu „^ pe} )(x 1 ,x 2 ,...,x n ) 

n n n \ 

J2(P2j ~ Plj)(Xj -Plj),..., J2(pij - Plj)(Xj - Plj), J2(Xj - Plj) 2 J 
j=l J=l 3=1 ' 

Let : R n — > R™ be the diffeomorphism defined by 

H 2 (Xi,X2, ■ ■ ■ ,X n ) = (xi + P\l,X 2 +P\2, ...,x n +Pl„). 

The composition of Hi o Dfa Pl \ and H 2 is as follows: 
o D ( P1 ,..., w ) o H 2 )(x\,x 2 , ...,x n ) 

n n n \ 

^2(p2j - Pij)xj, . . . , ^2(ptj - Pij)xj, x ) ) 

3=1 3 = 1 3 = 1 ' 



(xi x 2 ■■■ x n ) 



(p 2 \ - Pn 
p 2 i - Pxi 



\P2n - Pin 



Pa-Pu %i\ 

Pll - Pl2 X 2 



In Pin -Eji J 
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Put 



/ P21 -Pu 

P22 -Pl2 



Pei -Pn\ 

Pn - P12 



\P2n ~ Pin ■■■ Pin- Pin) 

Since ^-points pi , . . . , pi are in general position, it is clearly seen that the rank of A 
is £ — 1. Hence, by composiong linear coordinate transformations if necessary, we 
may assume from the first that there exists an (£ — 1) by (£ — 1) regular matrix B 
such that 



AB 



( 1 



an 



n-e+1,1 





1 

ai,i-i 
oin-e+i,e-i/ 



Let Ho 



be the diffcomorphism defined by 



B 



H 3 (xi,x<2, . . . ,xt) = (xi x 2 ■■■ Xi) 

V ■•• 

The composition of H3 and Hi o Dt pi Pt ) Hi is as follows. 
(H 3 oHxo £>( Plj ..., w ) o H 2 )(x 1 ,x 2 , ■•■,x n ) 







1 / 



(Xl X 2 ■■■ X n ) 



A 



Xl \ 

X2 



[xi x 2 ■■■ X n 



( 1 



an 
\a n -£ + i 



( 


) 


B 









\ ••• 


1 / 





Xl \ 


1 X£-l 


ttl,£-l 


Xl 


a n -e+i,e-i 


Xn J 


1+1 


n 



n-l+1 n-l+1 n 
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n-i+i 



n-i+i \ 
xi+ a ji x i+j-i> ■ ■ ■ , x i-i + X! a j,e-i x t+j-ii x e>---> x n) 

3=1 J = l ' 



( 1 





(xi x 2 ■■■ x n ) 







an 



1 

Q.it-\ 



Put 



/ 1 





c 



an 



\cx n -£+i,i ■ ■ ■ a n -g + i.e-i ••• 1/ 

\ 



i 

: '■• 



W-(+l,l • • • dn-f+1,1-1 

It is easily seen that the inverse matrix of C is following: 



1/ 



C7" 1 







-an 







1 

-Oil i 



Let H 4 



\— a.n-i+i,i ■■■ —a n -i + i t i-i •• 
l n —> K" be the diffeomorphism defined by 
H 4 {x) = xC' 1 , 



1/ 



where a; = (xi, X2, . . . , x„). The composition of H3 o o -D( Pl .... iPi ) o and i?4 is 
as follows: 



(H 3 o Hi o £>( Pl ,... iPf ) o ff 2 H i )(xi,x 2 , • ■ • ,x„) 

Xi,X 2 , . . . ,Xf_l, 

Then, we have the following lemma. 



£-1 9 )i s 

k=l 7 = 1 fc=^ ' 



(i 
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Lemma 2.1. There exist real numbers rj > (1 < j < n) and polynomials 

ifij(xi, . . . , Xj^i) = ajkXk (2 < j < n) (dji, . . . , aj,j-i € K) sttc/i £/iai 
fc=i 



n-£+l 



fc=l 



J=2 



The proof of Lemma [2~T1 is given in Subsection 12.31 We continue to prove (I) of 
Proposition 12.11 

Let H$ : Mr — > M f be the diffcomorphism defined by 



H 5 (x 1 ,x 2 , ■■■,xz) 

Xi,X 2 , ■ ■ ■ ,Xt-i,X£ 



(rixl + rj{xj + ipj(x u . . . ,x 3 _i)) 2 ) J . 



The composition of H§ and H 3 o H\ o Dr pi tVl \ o H2 o H4 is as follows: 
(H 5 a H 3 o Hio -D( Pli ..., Pf ) o H 2 a H 4 )(x 1 ,x 2 , ■ ■ ■ ,x n ) 



xi,x 2 , ■ ■ ■ ,xe-i 



n s 

,^2rj(xj +(p j (x 1 ,...,x j - 1 )) 2 J. 

3 =i J 



Let Hq : R™ — > M n be the diffcomorphism defined by 
H 6 (x l7 x 2 , ■ ■ ■ ,x n ) 



Xi, . . . 



•'V 



?(xi, . . . ,xt-i), . . 



(p n (xi,. . . ,X n -i) 



It follows that 



(H 5 o H 3 o Hi o -D( Pl ,..., Pf ) o H 2 o H 4 o H 6 )(xi,x 2 , ■ ■ ■ ,x n ) 
{xi,x 2 , . . . ,Xi-i,x# H h^). 



□ 



2.2. Proof of (//). Similarly as proof of (J) of Proposition 12.11 the composition 
Hi o -D( Plj ... iPf ) o if 2 is as follows: 

o -D( Pl ,..., P4 ) o H 2 )(xi 7 x 2l ...,x n ) 

/P21-P11 ••• Pa-Pn £i\ 

P22 - Pl2 ' ' ' P£2 - P12 £2 



Xi x 2 







\P2rc - Plr 



Pin - Pin X n j 



and put 



/ P21 -Pn 
P22 - P12 



A 



P11 ~Pi\\ 
P12 - P12 



\P2n ~ Pin ■■■ Pin- Pin) 
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Since (n + l)-points pi, ■ ■ ■ ,p n +i are in general position, it is clearly seen that the 
rank of A is n. Hence, there exists an (t — 1) by (£ — 1) regular matrix B such that 

/l ■■■ 0\ 

AB= ■.. : 

\0 1 ■■• Oy 

Similarly as the proof of (/) of Proposition 12.11 the composition H3 o Hi o 
■^{vi,—,pi) ° ^2 is as follows: 

(H 3 o H 1 o D (pii ... iW ) o iJ 2 )(a;i,X2, ...,x n ) 



( 



\x\ x 2 



A 



Xl \ 

X2 



{xi x 2 ■■■ X r , 



S) 












B 








... o 


l 












•En / 





n v 

"i , . . . , x n , 0, . . . , 0, ^ ^ J . 

.7 = 1 ' 



Let H A : 



be the diffcomorphism defined by 



H 4 (xi,x 2 ,. ■ ■ ,xe) = ( 
It follows that 



Xl 3 • • • , X n , . . . , Xl— I , 



3=1 



(i7 4 o ff 3 o Hi o o i? 2 )(a;i,a;2, . . . 

(xi,ar 25 ■ • ■ ,x n ,0, ■ ■ ■ ,0). 



2.3. Proof of Lemma [HU Put 



n-e+i 



(1) 



f(xi,x 2 , ■■■,x n ) = 'y](xk- aj-fe^+j-i^ +y\ 



fe=l 



fe=£ 



Since f(x±, x 2 , ■ ■ • , i n ) is a quadratic form of xi, X2, . . . , x n , it is not hard to see 
that there exist real numbers rj (1 < j < n) and polynomials 



(xi, . . -,Xj-i) = ^ a jkXk (2 < j < n) (aji, . . .,a,jj-i E R) 



fc=i 



such that 



(2) f(xi,x 2 ,...,x n ) = nx\ +^rj(xj +ip j (x 1 ,...,x j -i)Y 

J=2 
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Next, we prove that rj > for any j (I < j < n). Suppose that there exists a 
natural number j (£ < j < n) such that rj < 0. Put x\ = ■ ■ ■ = Xj—i = 0, and we 
get tp 2 (0) = --- = ipj(0, . . . , 0) = 0. Then, put 

Xj = e,j 0) 
xj+i = -^•+i(0,...,0,e i ) =£j+\ 

Xj+2 = -^+2(0, . . . ,0,£,-,£j + i) = Sj +2 

X n — (p n (0, . . . , 0, Sj , , • ■ • j £n— 1 ) • 

By (2), we get /(0, . . . , 0, Ej, . . . , e„) = r 3 -e| . Since < and e| > 0, we obtain 
/(0,...,0, £j ,...,£„)<0. " 

On the other hand, by (1), it is clearly seen that /(0, . . . , 0, Sj, . . . , e n ) > e| > 0. 
This is a contradiction. Hence, it follows that Tj > for any j (I < j < n). □ 

3. Proofs of Theorems 11.11 and 11.21 

Frist, we prepare the following lemma. 

Lemma 3.1 ([5J [5]). Let M be a closed manifold and let i : M —> M. e be an 

immersion with normal crossing. Then, there exists a subset £ C of 
Lebesgue measure such that for any tt € £(R £ ,IR) — S, the composition ir o i : 
AI — > M is a Morse function, where C(R. e , R) stands for the space of linear mappings 
R. e -> R. 

3.1. Proof of Theorem ll.il Since M is a closed manifold, and i : M —> M 1 is an 

embedding, by Lemma I5TT1 there exists a linear mapping tt : R £ — >• M: 

7r(a;) = 2J "i^j (" = • • • > %)> x = ( x u ■ • ■ > ^)) 
3=1 

such that 7r o i : M — > R is a Morse function. By transforming basis of the linear 
space R if necessary, we may assume from the first that u = (0, . . . , 0, 1). Note 
that tt(x) = Xi, tt o i = ig (i = . . . ,ig)). Since M is compact and tt o i is 
continuous, tt o z has the minimal value. Let fco be the minimal value of tt o i. It 
is clearly seen that fco is a critical value. Since tt o i is a Morse function, the set 
(7roi)~ 1 (fc ) consists of only one point. Let q be the point such that (tto i)(q) = fco- 
Let (U, ip, (tx, . . . , t m )) be a coordinate neighborhood of q 

Let ( Ji) q be the Jacobian matrix of the mapping i at q. Note that 

for any j (1 < j ' < m). Thus, we have 

(0,...,0,l)(Ji) g = (0,...,0). 

By transforming basis of the linear space M. e again if necessary, we may assume 
from the first that the following matrix is invertible: 

(E rn I 0){Ji) q . 
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Here, E m stands for the m by m unit matrix and O stands for the m by (£ — m) 
zero matrix. 

Put A = W n x {0} C R*. Consider the mapping ip : ip(U) -> A dchncd by 
tp = (it o ip- 1 , ...,i m o tp- 1 ). 

It is clearly seen that (Jtp)ip(q) is invertible. By the inverse function theorem, there 
exist an open neighborhood V of tp(q) and an open neighborhood V of i\) (<p(q)) 
such that ip : V — > V is a diffeomorphism. We may suppose that V and V are 
connected and V C f{U). Note that i((/? _1 (V A )) can be expressed as follows: 

i{y- l {V)) = {(x, U(4 • • • , eR e \xeV}, 

where x = (xi, . . . , x m ) and = ij o Lp~ x o for any j (m+1 < j < t). Put 

fci = sup u{q'). 

It is not hard to see that ki > ko, and that ij (r) is a non-empty set for any 
r G [fco,fci). Since M — is compact and %i is continuous, there exists a 

minimal value in ie(M — </3 _1 (V r )). Let be the minimal value of ig(M — </j _1 (V)). 
Then, it is clearly seen that k-2 > ko. 
Put 

injfco + l,fco + 2 3 ° ,fci|. 



«3 = mm 

Then, we have the following lemma 



Lemma 3.2. There exists a real number a € (^0,^3) such that there exist (m+ 1)- 



points in general position in i(M) PI (I 



{a}). 



The proof of Lemma [3~^1 is given in Subsection 13.31 We continue to prove Theo- 
rem ll.H Let pi, . . . ,p m +i be (to + l)-points in general position in i(M) n (R^ 1 x 
{a}). Then, we take I — (m + l)-points p TO +2, • ■ • , Pi € x {a} such that ^-points 
Pi , . . . , pi are in general position. 

Note that pu = ■ ■ ■ = pu = a. Similarly as the proof of Proposition I2.1[ the 
composition H\ o -D( Plj ... iP( ,) can be expressed as follows: 



(Hx o D( pit _ yPt - ) )(x 1 ,x 2 , ■■-,x e ) 
t fx 1 -p n \ ( P21-P11 ••• Pa-Pii 

P22 - Pl2 ■■■ VII - Pl2 



X\ - Pll \ 
X2 - Pl2 



P2,i-1 - Pl,<-1 ••• Pt,t-1 — Pl,£-1 Xt-l-Pl,l-l 

\xt-a J \ o ••• xi- a J 

where A means a transposed matrix of A. The composition of H% and HioD( pi 
is as follows: 



(H 3 oH x o D^, u _ iPt ))(xu x 2 , ■ • ■ , xe) 

Xi - J>11, . . . -pi 



£-1 , 

-Pij) 2 + (^-a) 2 J. 

.7=1 ' 
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Let H' A : M. 1 — > Mr be the diffcomorphism defined by 

/ «-i 
H' i (xi,X2, ...,xt)= [xi +pn, . . . ,xi-i +pi,t-\ i xt - x] + a 

Then, we have the following: 

(H' 4 0H10H10 D (j>u ^^)(x 1 ,X2, --^Xf) 

= (xi,x 2 , • ■ • ,x t -i, (x£ - a) 2 + a). 

For simplicity, put H = H'^o H30 H±. Since H is a diffcomorphism, in order to prove 
that -D( Plj ... lP ^) o i is an embedding, it is sufficient to show that H o D( Pli ... )P1 ) o i 
is an embedding. The mapping H o f (p x p/ ) is a definite fold mapping whose 
singular set is the hyperplane R f_1 x {a}. Hence, any singular point of (H o 
D(pi,...,p t )) \i(M) must be contained in i(M) n (R f_1 x {a}). Since the intersection 
i(M) n (R £_1 x {a}) is contained in i((/3~ 1 (V)), the following equality holds for any 
point in i(M) n (R^ 1 x {a}): 

(H o -D( Pl ,..., P£ )) |i(Af) (x,a; m+ i, . . . ,2^) 
= {H o D [pu _ m) ) \ l{M) (x,£ m+1 (x),...,£ e (x)) 
= 0,6n+i(x), . . . ,&_i(a;), fa(x) - a) 2 + a), 

where x = (xi, . . . , x m ). Note that the rank of the Jacobian matrix of (H o 
Du, lt ... rPt )) \i(M) at any point of i(M) n (R £_1 x {a}) is always m, which implies 
that (flofl^^ ^j) |i(Af) is non-singular. 
Then, we have the following lemma. 

Lemma 3.3. (H o -D( Pll ... )P( ,)) |i(A/) *s injective. 

The proof of Lemma 13.31 is given in Subsection 13.41 We continue to prove Theo- 
rcm ll.H Since i(M) is compact, R e is a Hausdorff space, and (HoDr pii ... iP< )) 
is continuous and injective, we see that (if o ^( Pl ,..., p< )) is homeomorphic to 
the image. Since i is an embedding, o -D( Pl) ... lP£ ) o i is an embedding. □ 

3.2. Proof of Theorem 11.21 Since M is a closed manifold, and i : M —> M. e is 

an immersion with normal crossing, by Lemma I3.1[ there exists a linear mapping 
tt : M. e R: 

e 

= ^ Mjffj (it = (ui, . . .,U t ),X = (Xi, . . - ,Xi)) 
3=1 

such that tt o i : M — > R is a Morse function. By transforming basis of the linear 
space M. e if necessary, we may assume from the first that u = (0, . . . , 0, 1). Note that 
tt(x) — Xi, tt o i = i( (i = (?!,... , if)). Since M is compact and tt o i is continuous, 
7r o z has the minimal value. Let ko be the minimal value of tt o i. It is clearly seen 
that ko is a critical value. Since tt o i is a Morse function, the set (tt o z) _1 (fc ) 
consists of only one point. Let q be the point such that (tt o i)(q) = ko- Let 
(U, tp, (ti, . . . , i m )) be a coordinate neighborhood of q. By shrinking C7 sufficiently 
small if necessary, we may assume that i \tj- U — > R is an embedding. Let (Ji) q 
be the Jacobian matrix of the mapping i at q. Note that 
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for any j (1 < j ' < to). Thus, we have 

(0,...,0,l)(Ji) g = (0,...,0). 

By transforming basis of the linear space M. e again if necessary, we may assume 
from the first that the following matrix is invertiblc: 

(E m | 0)(Ji) q . 

Here, E m stands for the m by m unit matrix and O stands for the to by (£ — m) 
zero matrix. 

Put A = K m x {0} C R e . Consider the mapping tp : tp(U) -> A defined by 
ip = (i 1 o ip^ 1 , ...,i m o ip- 1 ). 

It is clearly seen that (Jip)v(q) ^ s mvertible. By the inverse function theorem, there 
exist an open neighborhood V of f(q) and an open neighborhood V of ip (<p(q)) 
such that ip : V — > V is a diffcomorphism. We may suppose that V and V are 
connected and V C f(U). Note that z(</? _1 (V)) can be expressed as follows: 

i(y~ l (V)) = {(x,U+i(x),...,^(x)) eR e \xeV}, 

where x — (xi, . . . , x m ) and £j = ij o y? -1 o for any j (m + 1 < j < £). Put 

fcj = sup 

It is not hard to see that k\ > ko, and that ij (r) is a non-empty set for any 
r e [fco,fci). Since M — (y5 _1 (y) is compact and ^ is continuous, there exsist a 
minimal value in ig(M — </? -1 (V)). Let k^ be the minimal value of ig(M — <^ _1 (V)). 
Then, it is clearly seen that ki > ko. 
Put 

fc 3 = minjfco + l,fco + 2 ° ,fci|. 

By Lemma l3.2t there exists a real number a G (ko, k^) such that there exist (m + 1)- 
points in general position in i(M) n (IR^ 1 x {a}). Let pi, . . . ,p m +i be (to + 1)- 
points in general position in i(M) n x {a}). Then, we take I — (m + l)-points 

Pm+2, ■ ■ ■ ,pe G K^ -1 x {a} such that ^-points pi, . . . ,pt are in general position. 

Then, by the diffcomorphism H : M 1 — > M. e defined in Subsection 13.11 we have 
the following: 

(H o D( pij ... jP< ))(ari,x 2 , • • • = (xi,x 2 , ■ ■ -,xe-i, (x e - a) 2 + a). 

Since If is a diffcomorphism, in order to prove that D fa pt ) ° i is an immersion 
with normal crossing, it is sufficient to show that H o D( Plj ... jPf ) o i is an immersion 
with normal crossing. Then, similarly as the proof of Theorem 11.11 it is seen that 
(Ho £>( Pll ..., p< )) | l(M) is non-singular, which implies that (Ho -D( Pl ,..., P4 )) \i( M ) is 
an immersion. 

Finally, we prove that H o -D( Pli ..., p a ° i is a mapping with normal crossing. Since 
by LemmaE3](ifoD( pi \i( M ) is injective, for any y G (H °-D( Pl , ..., pt ) °i)(M), 
the set ((H o -D( Pli ... ;Pf )) \i(M))~ 1 {y) nas only one point. Let x be the only one 
point. 

Suppose that x G i(M) n (K^ 1 x {a}). Since C p -1 (V) and i | v -i(v): 

c/5 _1 (T^) — ^ Mr is an embedding, the set i~ 1 (x) has only one point. Hence, it is 
clearly seen that H o Dfa pi -\ o i is a mapping with normal crossing at the point. 
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Suppose that x <E i(M)—(M. e 1 x {a}). Since i is a mapping with normal crossing, 
the set (H o £ ) ( Pli ..., Pf ) o i)~ 1 (y) can be expressed as follows: 

( H ° D (pi,..., Pe ) ° = «~ 1 ( a; ) = ■ • • 

Since d(H o Dfa pt )) x : T x W e — > T y WL e is a bijective linear mapping, for any subset 
{Ai, A2, . . . , As} C {1, 2, . . . , n} (s < n), the following equality holds. 

s 

codim (p| d(tf o C (P1 ,..., W) o i) gx . (T ?X .M)) 
j'=i 

= * - dim p| d(H o D (pit ... !Pt) o i) gA . (T 9Aj M) 
j'=i 

S 

= £ - dimd(H o £> (pi ,..., w) ) a; (p| cK gx . (T gx .M)) 

j'=i 

S 

= £-dim(p^.(T ? ,.M)) 
j'=i 

= dim di^(T toj M)) 

= J2( £ - d[md ( H D <n,..j> t ) 0^ ( T ^ 3 M )) 
= ^ codim d(H o -D( Pl ,...,p,) o i),^ (T 9Aj M) 

Hence, -ff o -D( Pli i is a mapping with normal crossing. □ 

3.3. Proof of Lemma 13.21 First, suppose that m > 2. By Sard's theorem, there 
exists a real number a € (fco>fe) such that a is a regular value of the mapping 
if : M — > R. Since a real number a is also an element of (fco, fci), we get z^T (a) 7^ 0. 
Hence, «7 1 ( a ) ^ s an ( TO — l)-dimcnsional closed manifold. Note that (a)) = 
i(M) n x {a}). Let no be the maximal value of the number of points which 

are in general position in i(z^~ 1 (a)). It is clearly seen that no > 2. Let pi, ■ ■ ■ ,p no 
be no-points in general position in (a)). Put 

It is not hard to see that (a)) C V and diml^ = no — 1. Since i l^-i^: 
ij (a) — > V is an immersion, and i L--u„-, is closed, it follows that m— 1 < no — 1. 

Next, suppose that m = 1. Since is a bounded connected open set of R, we 
can put V = (61, 62)- Then, the set z(<p _1 (V)) can be expressed as follows: 



^\V)) = {(x,&(x), ■ • eR f Ne (61,62)}. 
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Note that b\ < i\(q) < 62, and define two closed intervals as follows: 

h(q) - h 



Si 



Bo = 



It is not hard to see that 



h(q), h(q) + 
h(q) - h 



62 - h(q) 



£,nh(q) 



b-2 - h(q) 



> 



> 



Then, put 



ii(q) - h 



= k o- 

k + k 3 



^ fco + fc 3 1 



2 J V v ' 2 / 2 

It is clearly seen that a G (ko,k 3 ). Since B\ and -B2 are compact and £1 is con- 
tinuous, by intermediate value theorem, there exists a real number c\ G B\ such 
that ^(ci) = a and there exists a real number C2 G Bi such that ^(02) = a. 
Since it is clearly seen that c± 7^ C2, there exist two points (ci, ^(ci), . . . , £^( c i))j 
(c 2 ,6(c 2 ), ■ ■ ■ ,&(c 2 )) in i(M) n (M^" 1 x {a}) at least. □ 

3.4. Proof of Lemma 13.31 For a real number r, put 

A <r = i(M) n (R^ 1 x {x G M I a; < r}), 

A> r = i(M) n (K^ 1 x {x e K I a; > r}). 

Since Ho is a definite fold mapping whose singular set is the hyperplane 

x {a}, the following can be obtained easily: 



p t )) U(M) is injective 
, Pe) ){A <a )nA> a = %. 

pt )){A <a ) n vl> a 



it is sufficient to show the 



.,p e ))(A <a ) n A> k2 
„ pe) )(A <a ) n A <k2 



(HoD (pi 
<=>{Ho D [pi 

In order to prove (H o Di pi ^ 
following (1) and (2). 

(1) (HoD {pi 

(2) (HoD {pi 

First, we prove (1). Suppose that (HoD( pii „^ pt ))(A <a )(^ A> k2 7^ 0. Then, there 
exists a real number a G [fco, a) such that (a — a) 2 + a > &2- It is clearly seen that 
(ko — a) 2 +a > (a—a) 2 +a. Hence, we get (kg— a) 2 +a > k-2- On the other hand, since 
fco < a < fco + 1, we obtain < a— ko < 1. Thus, we have (ko — a) 2 +a < 2(a—ko)+a. 
Since a < ko + (fe — fco)/3, we get 2(a — ko) + a < &2. Therefore, we obtain 
(fco — a) 2 + a < &2- However, this is inconsistent with (fco — o,) 2 + a > k2- 

Next, we prove (2). Suppose that (H o D^ pi ^ ^ pe - ) )(A <a ) n A <k2 7^ 0. Note that 
A <k2 C i(<p~ l (V)), and it is clearly seen that there exist two points 

(x,£ m+1 (x), . . .,&(«)) G A <a , (x',£ m+1 (x'), . . .,&(«')) G A <fc2 

such that 

°-D( Pl ,..., n ))(l^m+l(l), ■ ■ = ( x \Zm+l(x'), ■ ■ •,&(?')), 

where x = (x\, . . . ,x m ) and x' = (x[, . . . ,x' m ). Thus, since x = x' and £,i(x') = 
(&( x ) ~ a ) 2 + a 7 we get &(x) > a. However, this contradicts to &(x) < a. □ 
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4. Proof of Proposition II. II 

4.1. Preparations. First, we prepare the following three lemmas. 

Lemma 4.1 ([3], p. 354). Let Acl 2 be a closed convex set, and let x be a point 
in dA, where dA means a boundary of A. Then, there exist the following sets 

L = {(x 1 ,x 2 ) € R 2 | axi + (3x 2 +-/ = 0}, 
L< = {(xi,x 2 ) € K 2 | axi + /3x 2 + 7 < 0} 
such that x e L, A C L< 

Lemma 4.2 ([3], p. 339). Let A be a subset of R 2 . Then, for any point x = 
(xi,x 2 ) € conv(A), there exist three points q\ = (911,512), 92 = (921,922), 93 = 
(931,932) € A and real numbers tx,t 2t t 3 such that 

xi = hq n + t 2 Q2i + t 3 q 3 i 

X2 = hq 12 + <2922 + ^3932 

(ti > 0, ta > 0, t 3 > 0, t x + 1 2 + 1 3 = 1), 
where conv(A) means a convex hull of A. 

Lemma 4.3 (4], p. 343). Let A be a subset of M 2 homeomorphic to S 1 . Then, 
9conv(j4) is homeomorphic to S 1 . 

Now, we define the following mappings which are important in the proof of 
Proposition 11.11 

Definition 4.1. Let n e ■ iiS 1 ) -> R be the mapping defined by 

■Ke{xi,x 2 ) = (cos9)x 1 + (sm8)x 2 . 

Since iiS 1 ) is compact and irg is continuous, irg has the maximal value. Let kg 
be the maximal value of "Kg. Then, it is clearly seen that we obtain (L) or (II) as 
follows. 

(/) For any 9 £ [0, 2tt), the set -Kg (kg) has only one point. 

(II) There exists 9 € [0, 2tt) such that the set n g ~ 1 (kg) has two points at least. 

Then, we have the following lemma. 

Lemma 4.4. In the circumstance of (I), i(S x ) = dconv(i(S 1 )). 
Proof of Lemma \4-4\ 

First, we prove that 9conv(i(S' 1 )) C i(S 1 ). Suppose that there exists a G 
9conv(i(S' 1 )) such that a i(S 1 ) (a = (ai,a 2 ))- Then, by Lemma 14.11 there 
exist the following sets: 

L = {(xi,x 2 ) € R 2 I axi + (3x 2 +7 = 0}, 
L< = {(x!,x 2 ) € R 2 I axt + (3x 2 + 7 < 0} 

such that a € L, conv(i(5' 1 )) C £<. By transforming the origin and basis of the 
linear space R 2 if necessary, we may assume from the first that 

a = (0,0), 
L = Rx{0}, 
L< = R x {x e R I x < 0}. 
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Note that (01,02) = (0,0), and by Lemma 14.21 there exist three points q\ = 
(011,012), g 2 = (021,022), 93 = (031,032) e i^S 1 ) and real numbers h,t 2 ,t 3 such that 

(3) tign + i 2 g 2 i + t 3 q 3 i = 

(4) hq l2 + t 2 g 2 2 + t 3 q 32 = 

(ii > 0, t 2 > 0, t 3 >0,h + t 2 + t 3 = 1). 

Note that q 12 < 0, q 22 < 0, q 32 < 0, and it is not hard to see that there exists j 
(1 < j < 3) such that qj 2 = 0. Then, we may assume that q\ 2 = 0. 

Thus, we see that the maximal value of the mapping 71V/2 is 0. Since the set 
7r~^ 2 (0) has only one point, it is clearly seen that g 2 2 < 0, g 32 < 0. Hence, by (2), 
it is necessary to be t 2 = t 3 = 0. Then, since we have t\ = 1, we obtain a = gi by 
(1) and (2). This is inconsistent with a $ iiS 1 ). 

Next, we prove that ^(S 1 ) C dconv(i(S 1 )). Suppose that there exists a £ iiS 1 ) 
such that a ^ dconv(i(S 1 )). Since dconv(i(S 1 )) C iiS 1 ), we obtain dcony(i(S )) C 
i(S ) — {a}. Then, we see that it means that dconv(i(S 1 )) is not homeomorphic to 
S 1 . This is inconsistent with Lemma l4~3l □ 

4.2. Proof. Since i(S 1 ) is compact, M. 2 is a Hausdorff space, rf( Pl)P2 ) \i(s 1 ) is con_ 
tinuous, and i is homeomorphic to the image, in order to prove that rf( Pl ,p 2 ) i is 
homeomorphic to the image, it is sufficient to show that df pitP2 \ ^(s 1 ) is injective. 

First, in the circumstance of (/), we prove that rf(p ljP2 ) l^s 1 ) is injective. Let d : 
M 2 x M 2 — > R be the two-dimensional Euclidean distance defined in Section[T] Since 
the set i^ 1 ) x {(S 1 ) is compact and d is continuous, d \i(s 1 )xi(S 1 ) nas a maximal 
value. Let k be the maximal value of d \i(s 1 )xi(s 1 )- Let (a, a') € ^-S* 1 ) x i(S 1 ) be 
an element of the set (d |j(si) xi (5i)) _1 (fc). By transforming the origin and basis 
of the linear space K 2 if necessary, we may asume from the first that a = (0,0), 
a' = (1, 0). Then, note that k = 1. 

Put #0 = 7r/2, and define ne : i^S 1 ) -> R ; thus 

ne {x\,X2) = x 2 . 

Since ^S* 1 ) is compact and itg is continuous, itg has a maximal value and a minimal 
value. Let kg be the maximal value of the mapping irg , and let kg be the minimal 
value of the mapping ng . Since there exist two points a = (0, 0), a' = (1, 0) in ^S" 1 ), 
it is clearly seen that kg g < < kg . Then, the set ttq~ o (kg ) has only one point. 
Since —kg is also the maximal value of 7r 37r /2 and ttq~ o (ke ) = n 3^/ 2 (^ ^o ), the set 
TTg~ o (ke ) also has only one point. Hence, it is not hard to see that kg < < k$ . 
By transforming basis of the linear space R 2 again if necessary, we may assume 
from the first that | kg \ < | kg \ . 

We shall prove that the set TTg^(2kg /3) has two points at least. Note that 
TT~ Q 1 {2kg /3) = iiS 1 ) n (R x {2fc eo /3}). Suppose that 7r e " o 1 (2fc eo /3) = 0. However, 
since ^S" 1 ) fl(Ix {kg a }) ^ and i^ 1 ) fl(lx {0}) ^ 0, this is inconsistent with 
the fact that iiS 1 ) is connected. Suppose that the set n^ 1 (2kg /3) has only one 
point, and put n~Q^ (2kg / 3) = {q}. However, since in the circumstance iiS 1 ) — {q} 
is not connected, this is an contradiction. Hence, we see that the set iTg^(2kg /3) 
has two points at least. Let pi,p 2 be the two points such that 

Pi = (pii,^fc<? )= Pi = (p2i,^k eo ) e ^e/C 2 ^/ 3 ) (Pn <P2l)- 
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Figure 2. Aaa'b' and the point b 

Then, suppose that there exist two points b, b' £ i(S x ) (b ^ b') such that 
(!) d (vuP2) ks 1 ) (b) = d( PuP2 ) (6'), 

where b = (61,62) and b' = (61, 6 2 ). Note that 6 7^ 6', and by calculating (1) we 
obtain the following: 

b\ = 61, 
; 4 

Since b ^ b' and 61 = b' 1} we may assume that b 2 < 63. Now, we show that 
< 61 < 1. If 61 > 1, 61 < 0, we have d l^s^xus 1 ) ( a > b) > 1, d \ l (s 1 )xi(s 1 ) ( a ', b ) > 
1, respectively. These are contradictory with the fact that the maximal value of 
d \i(s 1 )xi(s 1 ) is 1- If 61 = 0, then there exist two points 6, b' in 7r~ 1 (0) and if bi = 1, 
then there exist two points b, b' in ttq^I). Since the maximal value of w n is 
and the maximal value of tt is 1, these are inconsistent with (I). Hence, we have 
< 61 < 1. Since b 2 < 4fc 9o /3, b' 2 < 4fc 9o /3, by seeing (2) we get b' 2 > 0, b 2 > 0, 
respectively 
Put 

Aaa'b' = {t x a + t 2 a' + t s b' G R 2 | tx,t 2 ,h > 0, t x +t 2 +t 3 = 1}. 

Since the set i(S 1 ) has three points a,a',b' and by Lemma|32]i(S' 1 ) = 9conv(i(S' 1 )), 
it is clearly seen that Aaa'b' C conv(i(5 1 )). Then, we have (Aaa'b 1 ) C (conv(i(S ll )))°, 
where A° C R 2 is a set which consists of the interior points of A. It is not hard 
to see that b £ (Aaa'b') . Hence, we have b £ (conv(i(S ,1 )))°. However, this is 
inconsistent with b £ dconv(i(S 1 )). 

Next, in the circumstance of (//), we shall prove that dr pliP2 ) {{(s 1 ) is inject ive. 
Then, there exists #1 £ [0,27r) such that the set 7r^" 1 (A;e 1 ) has two points at least, 
where kg 1 is the maximal value of ng 1 . Let pi,p 2 be two points in w$ (k0 t ). By 
transforming the origin and basis of the linear space R 2 if necessary, we may assume 
from the first that pi = (0,0), p 2 = (1,0), and ((S 1 ) C R x {x G R | x < 0}. 
Then, note that 9\ = tt/2, kg 1 = 0. Now, suppose that there exist c = (ci,c 2 ), 
c! = (c[,c' 2 ) £ i(S x ) (c ^ d) such that 

( 2 ) d {pi,P2) Ws 1 ) (c) =d(p liP2 ) (c')- 

Note that c^c', and by caluculating (2), we obtain 
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Since C2 < and d 2 < 0, it follows that C2 = d 2 = 0. However, this contradicts to 
the assumption c d . □ 
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